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ABSTRACT
In this work, we propose and study a novel generalization of the Fréchet distribution
called the odd beta prime Fréchet (OBPF) distribution. This distribution was an
extension of the Fréchet distribution by applying the odd beta prime generalized family
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of distributions. The proposed model can be expressed as a linear mixture of Fréchet
densities. The shapes of the density function possess great flexibility. It can
accommaodate various hazard shapes, such as concave-convex, increasing, decreasing,
and J-shaped. Some important statistical properties of the OBPF are derived, including
the ordinary and incomplete moments, order statistics, and quantile function. We have
used the maximum likelihood estimation method to estimate the model parameters.
The application and flexibility of the new distribution are empirically proven using
groundwater pollution data sets compared to other competing distributions. The new
model can be used instead of existing lifetime distributions and is suitable to fit data
with right-skewed and left-skewed behaviors.
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1. Introduction

Groundwater hydrology studies water flow, storage, chemical transport, and related processes in the subsurface .
[1] [2] Groundwater specialists examine the features of rocks and soil to get an understanding of the subsurface
hydrologic processes and develop predictive models for groundwater phenomena. These features include porosity,
permeability, hydraulic conductivity, specific storage, and specific yield. Because of the complexity of geologic
materials, measurements of these features vary even in strata considered homogeneous because of their origin and
basic properties. These measurements and those of groundwater quality can be evaluated using the laws of
probability and statistics to obtain a clear description of the investigated variable that goes beyond the calculation
of its mean, standard deviation, and other measures of central tendency, dispersion, and asymmetry [3] [4]. Recent
research has shown how statistical distributions can be used to model data in applied sciences, especially
environmental science. Statisticians often explore new statistical models to suit data sets in diverse domains.
Statistical models are very useful in describing and predicting real phenomena. Many distributions have been
widely used for data modeling in several domains during the last few decades. Recent developments focus on
defining new families that extend well-known distributions and, at the same time, provide great flexibility in data
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modeling in practice. Thus, the fitting of groundwater quality with an appropriate probability density function
(pdf) is necessary for a comprehensive description of its probabilistic features.

The Fréchet distribution was introduced by [5] to model extreme events, including annual maximum one-day
rainfalls, wind speeds, sea waves, earthquakes, floods, and river discharges. The inverse Rayleigh and inverse
exponential distributions can be considered special cases of the Fréchet distribution. This distribution is widely
used in extreme value theory. The Fréchet distribution, also known as the extreme value distribution (EVD) Type
I, is used to model maximum values in a data set. It is one of four EVDs in common use. The other three are the
Gumbel distribution, the Weibull distribution, and the generalized extreme value distribution. This distribution is
used to model a wide range of phenomena like horse racing, queues in banks, and human lifespans. Some further
information about the Fréchet distribution, including its applications, is available in [6] [7] [8] [9] [10] and the
reference therein. The Fréchet has the following cumulative distribution (cdf):

B

4
F(x):e{Xj , Xx>0; 6,8>0. @)
The corresponding probability distribution function (pdf) is defined as

(8Y
f(x)=¢99x“e[Xj, x>0; 6,8>0, )

where @ and ﬂ are scale and shape parameters, respectively.

However, it is evident from the statistical literature that the convention probability distributions such as the
Fréchet cannot adequately suit every kind of real-life phenomenon [11] [12][13][14]. Therefore, it is imperative
to propose new distributions that can provide better flexibility in modeling real data sets, which can be done by
extending traditional distributions by introducing new parameters, or by generating a new family of distributions
[15]. During the last few decades, numerous generators have been developed by modifying several important
statistical models that have proven effective. These generated families of distributions have been widely utilized
for modeling and evaluating lifetime data in a wide variety of applied sciences, including hydrology, actuarial
sciences, engineering, insurance, demographics, reliability, economics, biology, finance, medicine, and machine
learning, to mention a few. However, there are numerous real-world events that do not fit any of the standard
statistical models.

The statistical literature contains many generalizations of the Fréchet distribution. For example, the beta
Fréchet [16], the Weibull Fréchet distribution [17], the odd Lomax Fréchet distribution [18], the odd Lindley
Fréchet distribution [19], the Gompertz Fréchet distribution [20], the novel alpha power Fréchet [7], the
generalized odd log-logistic Fréchet distribution [21], the odd Chen Frécht distribution [22] , and the
Kumaraswamy power Fréchet distribution [23]. This paper is, however, interested in extending the Fréchet
distribution using the odd beta prime family of distributions proposed by [24]. This family has been used
generalized the exponential distribution by [25] and the Weibull distribution by [26]. One of the motivations for
the present study is the ability of the beta prime family of distributions to perform creditably better than other well-
known families of distributions.

It is worthy of note that other generalized families of distributions exist in the literature, examples of which
include the generalized odd half-Cauchy by [27], the odd-Burr generalized by [28], the extended odd Fréchet-G
by [12], the generalized odd Weibull-G by [29], the generalized odd gamma-G by [30], the modified odd Weibull
by [31], the odd Dagum by [32].the Zubair-G by [33], the truncated Burr X-G by [34] , the alpha power Marshall-
Olkin-G by [35], the Maxwell-G by [36] the type Il power Topp-Leone-G by [37], the odd log-logistic Burr-by
[38], the truncated Cauchy power Weibull-G by [39], the type Il half-logistic odd Fréchet by [40], the transmuted
odd Fréchet-G b [41], the odd Perks-G by [42], the new truncated muth-G by [43], the odd F-Weibull distribution
[44], and several other families. The odd beta prime family of distribution is well preferred in this research because
it has not been widely explored despite its potential. This research is aimed at extending the Fréchet distribution
in order to increase its potential in modeling groundwater pollutants and could be used for extreme events in
hydrology, reliability studies, finance, and more. Therefore, In the present study, a novel model referred to as the
odd beta prime Fréchet (OBPF) distribution is proposed using the odd beta prime family of distribution via the T-
X approach. It is a generalization of the Fréchet distribution. We have also explored some of its statistical
properties. Figure 1 shows the graphical summary of the study.
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Developing new probability distribution referred to as
Odd Beta Prime Fréchet (OBPF) distribution

Considering the Fréchet distribution as a baseline model

Utilizing the Odd Beta Prime family of distributions to form the OBPF
distribution

Presenting cumulative distribution, probability density, survival, and
hazard functions of the OBPF distribution

Obtaining some basic statistical properties of the OBPF distribution

Estimation of model parameters using the maximum likelihood method

Applications to groundwater samples

Modeling the pH Modeling the calcium
concentration in concentration in
Nigeria Nigeria
Conclusion

Figure 1 Graphical summary of the study.
The proposed OBPF model is motivated by some special features as follows:
i. The OBPF model improves the flexibility of the classical Fréchet distribution.

ii. The OBPF distribution provides left-skewed, right-skewed, S-shaped, and reversed-J densities and
concave-concex, decreasing, increasing, and J-shaped hazard functions.

iii. The OBPF model has been employed to model a asymmetric groundwater quality data sets.
iv. The OBPF model offers better fits compared to other competitive models.

Herein, this article is outlined as follows: In Section 2, the new OBPF distribution is introduced, along with
the derivation of its validity test as well as mixture representations of the OBPF distribution. Various statistical
properties of the proposed distributions are obtained in Section 3. The MLE for the model parameters is discussed
in Section 4. Section 5 presents applications of the proposed OBPF distribution, illustrated by means of two
groundwater data sets. The concluding remarks are provided in Section 6.

2. Development of the New Odd Beta Prime Fréchet distribution
2.1. The Definition of the OBPF Distribution

The cdf of the odd beta prime generalized family of distribution is given by

B ot (“’ﬂ)

F — 1-G(x,¢) ’ R, 3
(x) “B(ad) xe )
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and the corresponding pdf is given by

{ G(x &) }“’1
f (X) _ g(X,g) - 1_G(X18) - eR, (4)
B(a,1){1-G(x,¢&)} {1{ G(x, &) j}
1-G(x,¢)

where @ and A are extra shape parameters, G(X,é‘) is cdf of any baseline distribution with parameter & ,
g(x,g) is the corresponding pdf, B(a,l) and B, (a,l) are the beta and incomplete beta functions with

shape parameters o >0 and A > 0O, respectively. These shape parameters are to introduce/induce skewness into
the parent distribution, and this, however, increased the ability of the proposed distribution to model real life
events.

As a result, by substituting the expression in (1) into (3), the cdf of the OBPF distribution is as follows:

B ., (a4
e
F(x)=L; x>0, (5)
B(a,1)
The corresponding pdf of the OBPF distribution is given by
(2 “
gY e
eﬂﬁ -0 1 [;j W
1-e
f(x)= (ﬂ)e - [ﬂ)g —; x>0. (6)
B(a,1){1-¢ e\
1+ 7@9
1-e "
Equation (6) can be rewritten as
gﬁﬁxfﬁfl e [gj
f(x): PR x>0. ()

Which is the pdf of OBPF distribution.
To verify whether the proposed OBPF distribution is a valid probability distribution, the pdf given in (7) must

satisfy J f (x)dx=1, where f(X) isthe pdf of OBPF distribution. For the sake of validation, we provide clear

proof as follows:
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x 01 e_(?]
[o'e] eﬂg ']
f (X)dx = ~—dx. (8)
[o B(Of’i)g 1
1-e V¥
{ﬁ]g X49+l
Let m=e **/ sothat dX :—ﬂgdm. 9)
eﬂf’e(xj
Putting (9) into (8), we have
/] 1 —0-1 . ~x o+1
f)==Z [ X T X _gm,
B(a,2)(1-m) " 68°m
__ 1 Jl'm“1 (l—m)“dm
B(a,4) |
-1 _B(a)-1 (10)
B(a,4)
Hence, the OBPF is a valid probability distribution.
The survival function for OBPF distribution is
S(x)=1-F(x),
B ., (aA
G (a2)
1 lja
B 0, 6,8,a,1>0. 11
B(a,l) X > Lo, A> (11)
The hazard function for OBPF distribution is expressed as
h(X)= f (X) — f (X) ,
S(x) 1-S(x)
9ﬁ€X7€71 e{é]
012
(£
B(a,1){1-e (X)
= 5 [10 (a,/’t) ; x>0, 6,6,a,1>0. 12)
1— 1—e7[€f
(a,2)

Graphs of the pdf and hazard functions of the OBPF distribution at several different distribution parameters are
given in Figures 2 and 3, respectively. Figure 2 shows that the new pdf can be unimodal, left-skewed, right-skewed,
S-shaped, and J-shaped. Figure 3 shows that the hazard function may be concave-convex, monotonically
decreasing, monotonically increasing, and J-shaped.
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Figure 3 Hazard function plots of the OBPF distribution.
2.2 Mixture Representations

This subsection derives important mixture representations of the OBPF distribution defined in (7).
It is known that if |t| <1 and € >0, then the power series expansion of this holds,

n S T(M+i),,
(1-1) :g—“(rr“(;'))t.

(13)
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Applying (13) in (7), we get the mixture representations of OBPF distribution as

_9B°x e 3 iF(l—/Hi)e‘[ff
B(a,4) & ilT(1-2)

9ﬂ9 ST A+ Gf 2]
ZO IC=1)

alee '*“U’ (14)

which is the pdf of the OBPF distribution expressed in terms of mixture representations,

08° &HT(A-A+i)
B(a,z); ir@-4)

>

where A =

The expressions in (14) can further be used to obtain the moments and incomplete moments of the OBPF
distribution.

3. Some Statistical Properties of the OBPE Distribution

Various statistical properties, including moments, incomplete moments, order statistics, and quantile function are
provided in this section.

3.1. Moments

In this subsection, we derive the moments of the OBPF distribution. By the definition of moments, the
moments of the OBPF distribution can be derived from mixture representations of the pdf of the OBPF distribution
defined in (14) as

E(Xr):Txrf(x)dx,

_ iATx“ o-1g (5 dx. (15)
Let w=(I+a) (ﬁjg so that dX = —de (16)
X ap’ (i+a)
Substituting (16) in (15), we have
( ZA;[ X 7W9,B (|+a)
SA s
— iH:O. j{(|+a)ﬂ } e—de'
0B (i+a)y, W
iA r (,L),
e U A
>A :
= =0 - F(l——j, (17)
ofi+a)p’) o~ °

which is the moment of the OBPF distribution.
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3.2. Incomplete Moments

In this subsection, we derive the incomplete moments of the OBPF distribution. By the definition, the incomplete
moments of the random variable X is defined by

y/r(x)=j[x'f(x)dx,

e "dw. (18)

B

4
Since W= (i+ ) (—j , (18) can be expressed as
X

Sa el

v (X)=—— | oo e,
o{(i+a)p’} @ ©

2A 0
v, (X)= =0 - y(é’,(iJra)(ﬁj ], (19)
of(i+a)p’) t
which is the incomplete moments of OBPF distribution.
3.3. Order Statistics
Here, we derive the order statistics of the OBPF distribution. Suppose X;, X,..., X, be a random sample of size
n from the OBPF distribution and let X,, < X, <..< X, isaset of random variables of N ordered, then

the distribution of x™ OS is expressed as

n!f(x)

Fon (= sy 0"
n!f (x)

e (L

u=0

where F (X) and f (X) are cdf and pdf of OBPF distribution, respectively.

3.4. Quantile Function

In this subsection, we derived the quantile function of the OBPF distribution. The quantile function of OBPF
distribution can be derived from an inverse function of the cdf defined in (3) as

F(x)=u=M

B(a, 1)
61

€ . P -
where Z = E— and U has a uniform distribution on interval 0 to 1

1-e \*
The quantile function of the OBPF distribution is obtained by inverting (20) as

=1(z;a, 1), (20)

< [
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ef{gjg 1™ (usa, A)

7= , (21)
LK
where K =174 (u; e, 1).
This becomes,
(8 (BY
e [X) =K|1l-e (X] . (22)

After some simplifications, we have

B_] oo KN
x_{ Iog(“Kj} . (23)

Therefore, the quantile function of the OBPF distribution is

X= ,B{—Iog (%}} " (24)

4. Parameter Estimation
In this section, the estimates of parameters of the OBPF distribution using the maximum likelihood method are

provided. Let X;, X,..., X, be a random variable of sample size N from the OBPF distribution with parameters

B,0,a and A, then the likelihood function of the OBPF distribution is obtained from (7) as
(1-4)

Zall P R B )
L=¢—"— X, e M 1-e ™ : (25)
e 11 1l
The log-likelihood function of (25) denoted by | is expressed as
08’ : (B
I =nlogy——:—(€+1) > | )— =
viog | oL@ S(x)-a3 £

(26)

-(1- /I)Zn: log{1- e@g :

To get the maximum likelihood estimators of the OBPF distribution, we must maximize the log-likelihood
function. To achieve this purpose, we take the first partial derivative of (26) with respect to parameters ﬁ 0,

and A, then we obtain

L 0] g ﬁ(ﬁfe{ff |

9 afd (ﬁjg_(l—ﬂ)?i (ffe_(ij _ (27)

X

BB E
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0

L VA glog £
6(9 9 i=1 Xi xi

:—+nlogﬂ Zlog azn:
s #} | [ﬁ) .Og(g}-[if

i=1

:ngnlogﬂ—Zn:log(xi)—og_n (ﬁj Iog(ﬁ]
s

1og[ 26|
_(1_/1)2": (fj | g(f

] (28)

i= {2 ’
1 1-e [Xij
oL :
aa —n(// Izl:(xj +nl// a, ﬂ.) (29)
oL &
a_ﬁ:_m//(ﬂ)er/j a,A)+ Zlog 1-e : (30)

The derivatives obtained in (27), (28), (29), and (30) are nonlinear equations and cannot be derived
numerically. Statistical software such as the R program can be used to obtain the parameters of its estimates
by applying the Newton-Raphson algorithm.

5. Application of the OBPF Distribution to Model Groundwater Quality Parameters

In this section, we fit the OBPF model to two groundwater quality data sets. The groundwater quality data
sets used consist of physical (pH) and chemical (calcium) parameters. The performance of the OBPF
distribution was compared to that of the alpha power transformed Fréchet (APTF) distribution by [45], the
modified Fréchet (MF) distribution by [46], the generalized transmuted Fréchet (GTF) distribution by [47],
and the gamma extended Fréchet (GF) distribution by [48]. The method of maximum likelihood is employed
to estimate the parameters for the candidate models. The criteria for selecting the distribution with the best fit
are log-likelihood, Bayesian Information Criteria (BIC), Akaike Information Criteria (AIC), Cramer—von
Mises (CM), Anderson-Darling (AD), and Kolmogorov—-Smirnov (KS) statistics (with p-values). In general,
the smaller the values of these statistics, the better the fit to the data [49]. All the analyses in this study were
performed using R software.

Data I: This data set represents the pH concentration of the groundwater obtained in the Jaen area, Kano State,
Nigeria. The observations are as follows:

6.27,6.14,5.59, 6.7, 5.76, 6.97, 6.65, 6.5, 7.17, 6.97, 6.99, 6.9, 6.92, 6.82, 6.35, 7.12, 6.85, 6.71, 6.85, 7.22,
6.66, 7.07, 6.14, 6.41, 6.47, 6.32, 6.62, 7.2, 6.76, 7.04.

Table 1 shows the summary statistics of the pH data. From Table 1, the statistical summary reveals that the
pH data exhibit skewness and kurtosis behaviors. In particular, negative skewness with low kurtosis
coefficients for the pH concentration in the groundwater is observed. Therefore, this pH data is suitable for
left-skewed statistical models such as the proposed OBPF model.

Figure 3 presents the histogram, kernel density, box, and violin plots of the pH data. From Figure 4, it is
obvious that the pH data indicates statistically left-skewed behavior. Hence, this data is appropriate for skewed
distributions. The shape of the total time on test (TTT) plot displayed in Figure 5 indicates that the pH data
set has an increasing failure rate. This demonstrates that the proposed OBPF distribution's hazard function is
appropriate for modelling this type of data.

A Novel Extension of the Fréchet Distribution: Statistical Properties and Application to Groundwater Pollutant Concentrations
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Table 1 The summary statistics for the pH data.

Data Min Q1 Q3 Median Mean Max  Variance Skewness Kurtosis
pH 5590 6.425 6.970 6.735 6.671 7.220 0.169 -0.826 0.054
Histogram ° Kernel density

- g |
= 2
3o 3
Eo O« |
o o
by

o 3

3 2

55 6.0 6.5 7.0 50 55 6.0 65 7.0 75
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Figure 4 Histogram, Kernel density, box plot, and violin plot for the pH data.
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Figure 5 TTT plot for the pH data.
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Table 2 shows the results of the MLEs and their corresponding standard errors (in parentheses) for the model
parameter using the pH data. From Table 3, we conclude that the OBPF distribution provides the highest log-
likelihood value, the lowest of the AIC, BIC, CM, AD, and KS statistics, and the largest p-value for the pH data.
Therefore, the OBPF distribution is chosen as the model with the best fit among the distributions considered.

Figure 6 shows the histogram and cdf plot of the OBPF, APTF, MF, GTF, and GF distributions concerning the pH
concentrations. The OBPF distribution represents the curve with the magenta line, and it has been illustrated in
Figure 6 to have the highest peak and provide a better fit to the histogram of the pH data.

Table 2 Estimates of the competitive models for the pH data.

A

Model F; 0 a A
OBPF 21.6453 6.8477 1.8456 0.3546
(3.2155) (0.0606) (0.6724) (0.0346)
APTF 6.7101 0.2276 1.6342 1.6421
(0.0726) (0.0345) (0.2547) (0.2473)
MF 6.6713 0.4045 0.7114 1.3453
(0.0738) (0.0522) (0.1634) (0.3421)
GTF 28.8659 6.7039 0.5864 1.3546
(4.3966) (0.0738) (0.0154) (0.5342)
GF 61.2296 19.1571 0.6753 0.2464
(17.4082) (3.1138) (0.3428) (0.0773)
Table 3 Statistics of the competitive models fitted to the pH data.
Model 7 AIC BIC CM AD KS p-value (KS)
OBPF 12.8221 29.6442 32.4467 0.0260 0.1975 0.0693 0.8374
APTF 15.4036 34.8060 37.6084 0.0486 0.4287 0.0962 0.7453
MF 15.4167 34.8334 37.6358 0.0816 0.5541 0.1162 0.6453
GTF 15.9686 35.9373 38.7397 0.0558 0.5024 0.1052 0.4231
GF 15.9825 35.9650 38.7675 0.0950 0.6412 0.1253 0.3241

Histogram and theoretical densities Empirical and theoretical CDFs

Estimated paf
Estimated cdf

00
0

Figure 6 Estimated pdfs and cdfs plots of the OBPF and other competitive models for the pH data.

Data II: This data set corresponds to the calcium concentrations for the groundwater quality of the groundwater

collected from the Jaen area, Kano State, Nigeria. The data set is given below:

A Novel Extension of the Fréchet Distribution: Statistical Properties and Application to Groundwater Pollutant Concentrations
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1.75, 0.35, 0.87, 0.17, 0.29, 0.07, 0.69, 0.26, 0.26, 0.87, 0.28, 0.21, 1.44, 0.31, 0.36, 0.46, 0.27, 0.36, 0.24,
1.44,0.21, 1.69, 0.28, 0.94, 1.32, 0.26, 0.33, 0.3, 1.1, 0.3.

Table 4 displays a statistical summary of calcium concentration. The table shows that the pH data is a right-
skewed data due to the positive skewness coefficient, and a kurtosis value smaller than 3 suggests that the data has
a platykurtic distribution.

The histogram, kernel density, box, and violin plots of this data are illustrated in Figure 7. The summary statistics
and the empirical density plot for the calcium data reveal that the calcium data is positively skewed. This indicates
that the OBPF distribution can be used to model data with right-skewness behavior. The pH data exhibits
concave and convex failure rate, evident from the shape of the TTT plot depicted in Figure 8. This
confirms that the shape of the hazard function of the proposed OBPF model given in Figure 3 is
appropriate for modeling this type of data.

Table 4 The summary statistics for the calcium data.

Data Min Q1 Q3 Median Mean Max  Variance Skewness Kurtosis
Calcium 0.070 0.263 0.870 0.320 0.589 1.750 0.246 1.096 -0.269
Histogram Kernel density
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Figure 7 Histogram, Kernel density, box plot, and violin plot for the calcium data.
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Figure 8 TTT plot for the calcium data.
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Table 5 lists the MLEs and their corresponding standard errors (in parentheses) for the competitive model
parameters. From the results in Table 6, we conclude that the OBPF model provides the best fit with the highest
log-likelihood value, the lowest of the AIC, BIC, CM, AD, and KS statistics, and the largest p-value for the calcium
data. Therefore, the proposed OBPF distribution is chosen as the model with the best fit among the distributions

considered.

Figure 9 displays the histogram and cdf plots for the calcium data. The plots support the results in Table 6. Hence,
the OBPF distribution could be the appropriate model for fitting the calcium concentration to the groundwater

quality data.
Table 5 Estimates of the competitive models for the calcium data.
Model B é & /{
OBPF 0.8398 0.7810 0.3037 0.6453
(0.1426) (0.1008) (0.0115) (0.0367)
APTF 1.9154 0.6230 0.3054 1.3452
(0.4580) (0.1701) (0.0354) (0.1329)
MF 2.1989 0.4073 1.5463 1.5641
(0.3330) (0.0597) (0.3354) (0.2512)
GTF 1.7554 2.9786 1.6453 1.0542
(0.4173) (0.8184) (0.2481) (0.1324)
GF 1.3076 0.6443 1.2462 1.8538
(0.1792) (0.0955) (0.6342) (0.7432)
Table 6 Statistics of the competitive models fitted to the calcium data.
Model 7 AlC BIC CM AD KS p-value (KS)
OBPF 9.9593 23.9188 26.7212 0.2099 1.3549 0.2254 0.7934
APTF 11.7252 27.4505 30.2528 0.3498 1.8209 0.2668 0.3658
MF 12.4618 28.9237 31.7261 0.3551 1.7718 0.2601 0.2429
GTF 10.1920 24.3841 27.1866 0.2246 1.3902 0.2459 0.7241
GF 10.6297 25.2594 28.0618 0.2379 1.4560 0.2309 0.6574

A Novel Extension of the Fréchet Distribution: Statistical Properties and Application to Groundwater Pollutant Concentrations
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Figure 9 Estimated pdfs and cdfs plots of the OBPF and other competitive models for the calcium data.

6. Conclusion

In this research, we proposed a novel extension of the Fréchet distribution by introducing two extra shape
parameters, thus defining the odd beta prime Fréchet (OBPF). The probability density and hazard function of the
new distribution show remarkable flexibility. Various statistical features for the proposed distribution are obtained,
such as mixture representation for the density function, moments, incomplete moments, order statistics, and
quantile function. The maximum likelihood method is utilized for estimating the model parameters. An application
to two groundwater quality data sets shows that the fit of the new model is superior to the fits of the well-established
extended Fréchet distributions. The results indicate that the proposed OBPF model is suitable to fit data with right-
and left-skewed behaviors. We hope that the proposed model may attract wider applications in statistics.
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